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Abstract. In inflation with nonminimal derivative coupling there is not a conformal trans-
formation to the Einstein frame where calculations are straightforward, and thus in order
to extract inflationary observables one needs to perform a detailed and lengthy perturbation
investigation. In this work we bypass this problem by performing a Hamilton-Jacobi analysis,
namely rewriting the cosmological equations considering the scalar field to be the time vari-
able. We apply the method to two specific models, namely the power-law and the exponential
cases, and for each model we calculate various observables such as the tensor-to-scalar ratio,
and the spectral index and its running. We compare them with 2013 and 2015 Planck data,
and we show that they are in a very good agreement with observations.
Contents
1 Introduction 1
2 Hamilton-Jacobi formalism for inflation with nonminimal derivative cou-
pling 2
2.1 Inflation with nonminimal derivative coupling 2
2.2 Hamilton-Jacobi formalism 4
3 Applications 5
3.1 Hubble parameter as power-law function 5
3.2 Hubble parameter as exponential function 8
3.3 Comparison with minimal-coupling case 11
4 Conclusion 13
1 Introduction
After more than three decades of extensive investigation, the inflationary paradigm is consid-
ered to be a necessary part of the Standard Model of cosmology, solving some of its earlier
crucial problems, such as the flatness, the horizon and the monopole ones [1–6]. Addition-
ally, inflation is needed in order to obtain the correct behavior of primordial fluctuations and
a universe with a nearly scale-invariant density power spectrum [7–12], as well as with the
correct amount of tensor perturbations [13–23].
In principle there are two main ways that one can obtain the realization of the inflation-
ary paradigm. The first direction is to use a modification of the gravitational sector [24–26]
(for a review see [27]), acquiring a modified cosmological behavior that allows for inflationary
solutions. The most well known scenario in this approach is the Starobinsky inflation [3],
in which one adds in the Einstein-Hilbert action a term quadratic in the Ricci scalar. The
second direction is to introduce new, exotic forms of matter, capable of driving inflation even
in the framework of general relativity. In this approach one usually adds a canonical scalar
field, assuming it to take large values (for instance in chaotic inflation [28]) or small values
(for instance in new and natural inflation [29, 30]), a phantom field [31–34], a tachyon field
[35–37], or scenarios like k-inflation [38, 39] and ghost inflation [40].
Apart from the above simple inflationary realizations, one could construct models of
both contributions, namely models where the extra scalar field couples to gravity in a more
complicated way than the usual minimal coupling. The simplest class of such scenarios is when
the scalar field is non-minimally coupled to gravity, and indeed these “scalar-tensor” theories
present very interesting cosmological behavior [41–48]. However, an interesting class of models
is obtained if one extends further these constructions by allowing for non-minimal couplings
between the curvature and the derivatives of the scalar field [49], which can lead to novel
and interesting cosmological features [50–68]. Finally, even more complicated extensions can
arise considering Galileon and Horndeski theories [69–71] or even bi-scalar and multi-scalar
constructions [72–74].
In the most studies of inflationary cosmology one imposes the usual slow-roll approxi-
mation, and tries to extract expressions for basic inflationary-related observables, such as the
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scalar and tensor spectral indices, the running spectral index, and the tensor-to-scalar ratio.
Nevertheless, there is an alternative approach which allows for an easier derivation of many
inflation results, namely the Hamilton-Jacobi formulation [75]. In this formalism, one rewrites
the cosmological equations by considering the scalar field to be the time variable, which is
always possible during the slow-roll era, where the scalar varies monotonically (the extension
to the post-inflationary, oscillatory epoch is straightforward by matching together separate
monotonic epochs [76]). We mention here that in the usual approach it is more convenient
to transform to the Einstein frame, where calculations are significantly easier, and hence this
approach cannot be easily applied to models where there is not a conformal transformation to
such a frame, such as the nonminimal derivative coupling constructions. Hence, in such cases
we expect the Hamilton-Jacobi formalism to be more convenient and significantly easier.
In this work we are interested in performing the Hamilton-Jacobi analysis for inflation
with nonminimal derivative couplings. The plan of the work is as follows: In Section 2 we
briefly review inflation with nonminimal derivative coupling and then we apply the Hamilton-
Jacobi formulation. Then in Section 3 we apply it to two specific models, namely the power-
law and the exponential cases. We calculate various observables such as the tensor-to-scalar
ratio, and the spectral index and its running, and we compare them with the Planck data.
Finally, Section 4 is devoted to final remarks and conclusion.
2 Hamilton-Jacobi formalism for inflation with nonminimal derivative cou-
pling
In this section we will construct the Hamilton-Jacobi formalism for inflation with nonminimal
derivative coupling. We first give a brief review of cosmology with nonminimal derivative
couplings, and then we proceed to the Hamilton-Jacobi formulation.
2.1 Inflation with nonminimal derivative coupling
Let us start with the inflation realization in cosmology with nonminimal derivative couplings.
The action of such a theory reads as [49, 54]
Sφ =
∫
d4x
√−g
[
M2P
2
R− 1
2
gµν∂µφ∂νφ+
1
2M2
Gµν∂µφ∂νφ− V (φ)
]
, (2.1)
where Gµν = Rµν− 12gµνR is the Einstein tensor, R the scalar Ricci,MP =
√
1
8piG the reduced
Planck mass, and M is the coupling constant with dimension of mass. Since in this work
we focus on the inflationary application of this theory, we have neglected the matter and
radiation contents. Variation of the above action in terms of the metric gives rise to the field
equations
Gµν =
1
M2P
[
T (φ)µν +
1
M2
Θµν
]
− 1
M2P
gµνV (φ), (2.2)
with
T (φ)µν = ∇µφ∇νφ− 12gµν(∇φ)2,
Θµν = −12∇µφ∇νφR+ 2∇αφ∇(µφRαν) +∇αφ∇βφRµανβ +∇µ∇αφ∇ν∇αφ
−∇µ∇νφφ− 12(∇φ)2Gµν + gµν
[− 12∇α∇βφ∇α∇βφ+ 12 (φ)2 −∇αφ∇βφRαβ],
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where ∇(µφRαν) = 12(∇µφRαν + ∇νφRαµ). Additionally, variation of the action (2.1) with
respect to φ provides the scalar field equation of motion, namely[
gµν +
1
M2
Gµν
]
∇µ∇νφ = V ′(φ), (2.3)
where V ′(φ) ≡ dV (φ)/dφ.
In order to investigate the cosmological applications of the above theory, we focus on a
spatially-flat Friedmann-Robertson-Walker (FRW) background geometry of the form
ds2 = −dt2 + a2(t) δijdxidxj , (2.4)
where t is the cosmic time, xi are the comoving spatial coordinates and a(t) is the scale factor.
In this case the field equations (2.2) give rise to the two Friedmann equations, namely
H2 =
1
3M2P
ρφ (2.5)
H˙ = − 1
2M2P
(ρφ + Pφ) , (2.6)
with H = a˙/a the Hubble parameter (a dot denotes differentiation with respect to t), and
where we have introduced the effective energy density and pressure of the scalar field respec-
tively as
ρφ =
1
2
(
1 + 9
H2
M2
)
φ˙2 + V (φ) (2.7)
Pφ =
φ˙2
2
[
1− 1
M2
(
2H˙ + 3H2 +
4Hφ¨
φ˙
)]
− V (φ). (2.8)
Similarly, the scalar-field equation of motion (2.3) becomes
(
1 +
3H2
M2
)
φ¨+ 3H
(
1 +
3H2
M2
+
2H˙
M2
)
φ˙+ V ′(φ) = 0. (2.9)
Note that using the definitions of ρφ and Pφ we can re-write this equation in the usual
conservation form, namely
ρ˙φ + 3H(Pφ + ρφ) = 0. (2.10)
Finally, we stress here that, as it is well known, the equations of motion do not contain
higher-order time derivatives, and thus the theory at hand is ghost free [49, 54].
Lastly, since in this work we focus on the inflation realization, we restrict ourselves to
the high friction regime [56, 60] where H2/M2 ≫ 1, and we impose the slow-roll conditions,
namely H
2
M2
φ˙2 ≪ V (φ), φ¨ ≪ Hφ˙. Hence, the first Friedmann equation (2.5) and the scalar-
field evolution equation (2.9) respectively become
H2 ≈ 1
3M2P
V (φ) (2.11)
φ˙ ≈ −M
2V ′(φ)
9H3
. (2.12)
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2.2 Hamilton-Jacobi formalism
Let us now formulate the Hamilton-Jacobi approach to inflation with nonminimal derivative
couplings. We first describe briefly the main idea of Hamilton-Jacobi formalism [75]. In this
approach of a cosmological system, one uses the scalar field as a time variable, and hence
the Friedmann equation gives rise to a partial differential equation for the Hubble parameter.
Thus, concerning inflation, one imposes the slow-roll conditions, and then by choosing suitable
ansatzes he can extract analytical solutions, as well as explicit expressions for the inflationary
observables. Note that the Hamilton-Jacobi formalism is very efficient since it can bypass
the extensive calculations that are needed in the usual approach, especially in the case where
the transformation to the Einstein frame (where calculations are easier) is impossible, such
is the case of cosmology with nonminimal derivative couplings. We mention that in order for
this procedure to be self-determined, we need a monotonically varying scalar field, which is
indeed the case during the slow-roll era. Even for the post-inflationary case, where the scalar
field is expected to oscillate, one can still apply the Hamilton-Jacobi formalism, by matching
together separate monotonic epochs [76].
We now apply the above into the slow-roll inflationary cosmological equations (2.11) and
(2.12). First of all, we can combine them in order to obtain the useful relation
φ˙ ≈ −2
3
M2M2PH
′(φ)
H2
. (2.13)
As we observe, it is obvious that if H ′(φ) < 0 (H ′(φ) > 0) then the scalar field increases
(decreases) over time. Now, inserting (2.13) into the first Friedmann equation we are led to
the Hamilton-Jacobi equation, namely
[H ′(φ)]2 − 3
2
H6(φ)
M2[9H2(φ) +M2]
+
V (φ)H4(φ)
18M2PM
2[9H2(φ) +M2]
= 0 . (2.14)
Thence, we can express the potential in terms of the scalar field as
V (φ) = 27M2PH
2(φ) − 18M
2
PM
2[H ′(φ)]2[9H2(φ) +M2]
H4(φ)
. (2.15)
We now introduce the slow-roll parameters [77], which using (2.13) they finally become:
ǫ1(φ) ≡ − H˙
H2
≈ 2
3
M2M2P
[
H ′(φ)
H2(φ)
]2
, (2.16)
ǫ2(φ) ≡ H¨
HH˙
− 2H˙
H2
≈ −4
3
M2M2P
{
H ′′(φ)
H3(φ)
− 2
[
H ′(φ)
H2(φ)
]2}
, (2.17)
which as usual are both much smaller than unity during slow-roll inflation. Moreover, the
time when ǫ1 becomes equal to one marks the end of inflation.
Combining relations (2.13) and a˙ = φ˙a′, we can extract the scale factor as
a(t) = a0 exp
[
−3
2
∫
M−2P M
−2H
3(φ)
H ′(φ)
dφ
]
, (2.18)
where a0 is an integration constant. Thus, the e-folding number, which describes the amount
of expansion during the inflation, can be calculated as
N ≡
∫ te
ti
H(t)dt =
∫ φe
φi
H(φ)
φ˙
dφ , (2.19)
where the subscripts “i” and “e” denote the initiation and end of inflation.
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3 Applications
In the previous section we presented the Hamilton-Jacobi formulation of inflation with non-
minimal derivative couplings. Hence, in this section we can proceed to the investigation of
specific applications, considering specific ansatzes for the Hubble function. In particular, in
the following subsections we consider the power-law and the exponential cases separately.
3.1 Hubble parameter as power-law function
Let us first examine the case where the Hubble parameter is a power-law function of the
scalar field, namely
H(φ) = αφn, (3.1)
where α and n are the model parameters. In this case Eq. (2.13) becomes
φ˙ ≈ −2
3
M2M2Pn
αφn+1
, (3.2)
and thus substituting into (2.15) we acquire the potential as
V (φ) = 27M2Pα
2φ2n − 18M2PM2
n2
α2φ2(n+1)
[
9α2φ2n +M2
]
. (3.3)
The above potential is a sum of power and inverse power laws, and, although slightly com-
plicated, potentials of these forms are often used in cosmological applications [78–83].
Additionally, the slow-roll parameters (2.16),(2.17) respectively become
ǫ1(φ) ≈ 2n
2
3α2
M2M2P φ
−2(n+1) , (3.4)
ǫ2(φ) ≈ 4n(n+ 1)
3α2
M2M2P φ
−2(n+1) . (3.5)
Therefore, imposing ǫ1(φ) = 1 provides the scalar field at the end of inflation as
φe =
(
2M2M2Pn
2
3α2
) 1
2(n+1)
, (3.6)
while using (2.19) and (3.1),(3.2) we can calculate the value of the scalar field at the beginning
of inflation in terms of the e-folding number as
φi =
(
2M2M2P n
3α2
) 1
2(n+1)
[2(n + 1)N + n]
1
2(n+1) . (3.7)
We can now use the above expressions in order to calculate the inflationary-related
observables, namely the scalar and tensor spectral indices, and the tensor-to-scalar ratio
respectively as [77]
nS − 1 ≃ −2ǫ1(φi)− 2ǫ2(φi) = − 2(3n + 1)
2(n+ 1)N + n
, (3.8)
nT ≃ −2ǫ1(φi) = − 2n
2(n + 1)N + n
, (3.9)
r = −8nT . (3.10)
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Hence, eliminating n between (3.8),(3.9) and (3.10) we can obtain
r =
16(N − 1)
4N − 1 −
16N
4N − 1nS, (3.11)
and
nT = −2(N − 1)
4N − 1 +
2N
4N − 1nS, (3.12)
which prove to be very useful, since they allow us to confront our model predictions straight-
away with the data. Note that the parameter n does not appear in the final parametric
expressions, which is very good since it decreases the number of free fitting parameters.
0.95 0.96 0.97 0.98
0.00
0.05
0.10
0.15
r
ns
  N=50
  N=60
  N=70 
Figure 1. 1σ (yellow) and 2σ (light yellow) contours for Planck 2015 results (TT + lowP +
lensing+BAO+JLA+H0) [86], and 1σ (grey) and 2σ (light grey) contours for Planck 2013 results
(Planck+WP +BAO) [85] (note that the 1σ region of Planck 2013 results is behind the Planck 2015
results, hence we mark its boundary by a dotted curve), on nS − r plane. Additionally, we depict the
predictions of our scenario, for the power-law case (3.1), with the e-folding value N being 50, 60 and
70.
Finally, the running of the scalar spectral index is defined as
αS ≡ dnS
d ln k
. (3.13)
Hence, since from the definitions of nS and nT one can find [84]
dN
d ln k
=
(
1 +
d lnH
d ln k
)
−1
≃ (1 + ǫ1), (3.14)
we can use (3.8), (3.13) and (3.14) in order to express αS as
αS =
dnS
dN
dN
d ln k
≃ 8(n + 1)(3n + 1)[(n + 1)N + n]
[2(n + 1)N + n]3
. (3.15)
Thus, eliminating n between (3.8) and (3.15) we obtain αS as a function of nS, namely
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0.00
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Figure 2. 1σ (yellow) and 2σ (light yellow) contours for Planck 2015 results (TT, TE,EE+ lowP )
[86], and 1σ (grey) and 2σ (light grey) contours for Planck 2013 results (ΛCDM+running+tensors)
[85], on nS−αS plane. Additionally, we depict the predictions of our scenario, for the power-law case
(3.1), with the e-folding value N being 50, 60 and 70. The various curves are indistinguishable in the
resolution scale of the graph.
1.0 1.5 2.0 2.5 3.0
0
500
1000
1500
V( )
Figure 3. The scalar potential V (φ) according to expression (3.3), for the power-law case (3.1), for
M = 0.1, α = 1, n = 2 (black-solid), for M = 0.1, α = 0.5, n = 2 (red-dashed), and for M = 0.1,
α = 0.1, n = 2 (blue-dotted). All quantities are measured in MP units.
αS ≃ (nS − 1)(nS + 3)[(nS − 5)N + 2]
(4N − 1)2 . (3.16)
In order to present these features more transparently, in Fig. 1 we present the predictions
of our scenario with the e-folding valueN being 50, 60 and 70, on top of the 1σ and 2σ contours
of the Planck 2013 results [85] as well as of the Planck 2015 results [86]. As we observe, the
scenario at hand is in very good agreement with observations, with the agreement being better
for lower N . Additionally, in Fig. 2 we depict the predictions of the scenario at hand for the
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running spectral index αS with the e-folding value N being 50, 60 and 70, on top of the 1σ
and 2σ contours of the Planck 2013 results [85] as well as of the Planck 2015 results [86]. The
agreement with observations is very satisfactory.
Finally, in order to provide a picture of the scalar potential, we use expression (3.3) and
in Fig. 3 we depict V (φ) for various values of M , α and n. In this Figure we have focused on
the φ-values in which φi according to (3.7) and φe according to (3.6) lie.
3.2 Hubble parameter as exponential function
In this subsection we study the case where the Hubble parameter is an exponential function
of the scalar field, namely
H(φ) = βeqφ, (3.17)
where β and q are the model parameters. In this case Eq. (2.13) gives
φ˙ ≈ − 2q
3β
M2M2P e
−qφ , (3.18)
and therefore inserting this expression into (2.15) we acquire the potential as
V (φ) = 27M2Pβ
2e2qφ − 18M2PM2
q2
β2e2qφ
(
9β2e2qφ +M2
)
. (3.19)
The above potential is a sum of exponential potentials, and potentials of these forms are often
used in cosmological applications [87–94].
Furthermore, the slow-roll parameters (2.16),(2.17) become respectively
ǫ1(φ) ≈ 2q
2
3β2
M2M2P e
−2qφ , (3.20)
ǫ2(φ) ≈ 4q
2
3β2
M2M2P e
−2qφ , (3.21)
and we can then impose the condition ǫ1(φ) = 1 in order to calculate the scalar field at the
end of inflation as
φe =
1
2q
ln
(
2M2M2P q
2
3β2
)
. (3.22)
Additionally, we can use (2.19) and (3.17),(3.18) and extract the value of the scalar field at
the beginning of inflation as a function of the e-folding number as
φi =
1
2q
ln
[
2M2M2P q
2
3β2
(2N + 1)
]
. (3.23)
Concerning the scalar and tensor spectral indices and the tensor-to-scalar ratio, we
obtain [77]
nS − 1 ≃ −2ǫ1(φi)− 2ǫ2(φi) = − 6
2N + 1
, (3.24)
nT ≃ −2ǫ1(φi) = − 2
2N + 1
, (3.25)
r = −8nT , (3.26)
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where from the first two of the above expressions we acquire nS − 1 = 3nT . Hence, from
Eqs.(3.24),(3.25) and (3.26) we can obtain
r =
8
3
− 8
3
nS (3.27)
and
nT = −1
3
+
1
3
nS, (3.28)
which prove to be very useful, since they allow us to confront our model predictions straight-
away with the data. Note that the parameters β and q do not appear in the final parametric
expressions, as well as the e-folding number N . Finally, the running of the scalar spectral
index reads as αS =
dnS
dN
dN
d lnk ≃ dnSdN (1 + ǫ1), which with the help of (3.20),(3.24) becomes
αS ≃ 24(N + 1)
(2N + 1)3
, (3.29)
and therefore eliminating N using (3.24) we finally acquire
αS ≃ 1
18
(nS − 7)(nS − 1)2. (3.30)
0.95 0.96 0.97 0.98
0.00
0.05
0.10
0.15
r
ns
Figure 4. 1σ (yellow) and 2σ (light yellow) contours for Planck 2015 results (TT + lowP +
lensing+BAO+JLA+H0) [86], and 1σ (grey) and 2σ (light grey) contours for Planck 2013 results
(Planck+WP +BAO) [85] (note that the 1σ region of Planck 2013 results is behind the Planck 2015
results, hence we mark its boundary by a dotted curve), on nS − r plane. Additionally, with the black
solid line we depict the prediction of our scenario, for the exponential case (3.17), which according to
relation (3.27) does not depend on β, q and N .
In order to present these features in a more clear way, in Fig. 4 we illustrate the predic-
tions of our scenario on nS − r plane, on top of the 1σ and 2σ contours of the Planck 2013
results [85] as well as of the Planck 2015 results [86]. As we mentioned above, according to
relation (3.27) the predictions of our scenario do not depend on β, q and N , however they
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are still in agreement with observations at 2σ level. Furthermore, in Fig. 5 we show the
predictions of the scenario at hand for the running spectral index αS , on top of the 1σ and 2σ
contours of the Planck 2013 results [85] as well as of the Planck 2015 results [86]. According
to relation (3.30) the model predictions are independent of β, q and N , however they are in
very good agreement with observations.
0.93 0.94 0.95 0.96 0.97 0.98
-0.04
-0.02
0.00
0.02
 ns
s
Figure 5. 1σ (yellow) and 2σ (light yellow) contours for Planck 2015 results (TT, TE,EE+ lowP )
[86], and 1σ (grey) and 2σ (light grey) contours for Planck 2013 results (ΛCDM+running+tensors)
[85], on nS − αS plane. Additionally, we depict the predictions of our scenario, for the exponential
case (3.17), for the e-folding value N being 50 and 60. The two curves are indistinguishable in the
resolution scale of the graph.
1.0 1.5 2.0 2.5 3.0
0
50
100
150
V( )
Figure 6. The scalar potential V (φ) according to expression (3.19), for the exponential case (3.17),
for M = 0.1, β = 0.5, q = 0.5 (black-solid), for M = 0.1, β = 0.3, q = 0.5 (red-dashed), and for
M = 0.1, β = 0.5, q = 0.1 (blue-dotted). All quantities are measured in MP units.
Lastly, in order to give a picture of the scalar potential, we use expression (3.19) and in
Fig. 6 we show V (φ) for various values of M , β and q. In this Figure we have focused on the
– 10 –
φ-values in which φi according to (3.23) and φe according to (3.22) lie.
3.3 Comparison with minimal-coupling case
In this subsection we briefly compare the effect of the nonminimal derivative coupling with
the minimal-coupling case, for completeness (although in this simple case slow-roll conditions
are hard to be realized and moreover the unitarity bounds of the theory may be violated
[56, 95, 96]).
Let us consider action (2.1) without the nonminimal derivative coupling term. In this
case, as it is well known, one obtains the standard Friedmann equations, namely 3M2PH
2 =
φ˙2
2 +V (φ) and 3M
2
P (H˙ +H
2) = − φ˙22 +V (φ), while the scalar-field equation reads φ¨+3Hφ˙+
V ′(φ) = 0. Hence, under the slow-roll conditions, φ˙
2
2 ≪ V (φ) and |φ¨| ≪ H|φ˙|, we obtain the
following constraints
3M2PH
2 ≃ V (φ), (3.31)
φ˙ ≃ −V
′(φ)
3H
, (3.32)
which easily lead to V ′(φ) ≃ 6M2PHH ′(φ) and thus to
φ˙ ≃ −2M2PH ′(φ). (3.33)
Therefore, in this case, substitution into the first Friedmann equations gives the Hamilton-
Jacobi equation as
H ′
2
(φ) − 3M2PH2(φ) +
M4P
2
V (φ) = 0, (3.34)
and thus the potential in terms of the scalar field is expressed as
V (φ) =
6
M2P
H2(φ)− 2
M4P
H ′
2
(φ). (3.35)
Finally, the slow-roll parameters read as
ǫ1(φ) ≡ − H˙
H2
≈ 2M2P
[
H ′(φ)
H(φ)
]2
, (3.36)
ǫ2(φ) ≡ H¨
HH˙
− 2H˙
H2
≈ 4M2P
{[
H ′(φ)
H(φ)
]2
− H
′′(φ)
H(φ)
}
, (3.37)
and the e-folding number is still given by (2.19).
Let us now apply the above for the case of the power-law function of (3.1), namely for
H(φ) = αφn. In this case Eq. (3.33) becomes
φ˙ ≈ −2M2P nαφn−1 , (3.38)
while (3.35) reads
V (φ) =
6
M2P
α2φ2n − 2
M4P
α2n2φ2(n−1). (3.39)
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Additionally, the slow-roll parameters (3.36),(3.37) become
ǫ1(φ) ≈ 2M2P
n2
φ2
, (3.40)
ǫ2(φ) ≈ 4M2P
n
φ2
, (3.41)
while the scalar field at the end of inflation, corresponding to ǫ1(φe) = 1, is given by
φe =
√
2nMP . (3.42)
Additionally, using (2.19) and (3.33), the scalar field at the beginning of inflation becomes
φi = MP
√
2n(n+ 2N). (3.43)
Hence, inserting these in the expressions of the inflationary observables we finally obtain
nS − 1 ≃ −2ǫ1(φi)− 2ǫ2(φi) = −2(n + 2)
n+ 2N
, (3.44)
nT ≃ −2ǫ1(φi) = − 2n
n+ 2N
, (3.45)
r = −8nT . (3.46)
Similarly, for the case of the exponential function of (3.17), namely for H(φ) = βeqφ, we
obtain
φ˙ ≈ −2M2P βqeqφ , (3.47)
while (3.35) reads
V (φ) =
6
M2P
β2e2qφ − 2
M4P
β2q2e2qφ. (3.48)
However, the slow-roll parameters (3.36),(3.37) become
ǫ1(φ) ≈ 2q2M2P , (3.49)
ǫ2(φ) ≈ 0. (3.50)
Thus, we can immediately see that the exponential form in the case of minimal coupling
cannot describe inflation successfully, since ǫ1 = const..
One can see that the above relations, which have been extracted in the case of minimal-
coupling, are different from the expressions of the previous subsections which were extracted
in the case of nonminimal derivative coupling. In particular, in the power-law case rela-
tions (3.44)-(3.46) are different from (3.8)-(3.10), while in the exponential case a successful
realization of inflation is not possible. Furthermore, relations (3.44)-(3.46) cannot fit the
observational data. Actually, these disadvantages were one of the reasons that inflation with
nonminimal derivative coupling was introduced in [56]. Hence, we conclude that the nonmin-
imal derivative coupling plays an important role, both quantitatively (one has an additional
parameter to fit the data) and qualitatively (the unitarity issue is solved).
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4 Conclusion
In this work we have investigated inflation with nonminimal derivative coupling through the
Hamilton-Jacobi formalism. In the majority of inflationary models one can perform the con-
formal transformation to the Einstein frame, where the calculation of inflationary observables
is straightforward, however in inflation with nonminimal derivative such a transformation
is absent and thus a detailed and lengthy perturbation analysis is needed in order to pro-
vide inflationary observables that could be compared with the data. Hence, in such a case
the Hamilton-Jacobi analysis proves to be a very convenient method to extract the scenario
prediction for various observables.
In the Hamilton-Jacobi formalism one rewrites the cosmological equations by considering
the scalar field to be the time variable, which is always possible during the slow-roll era, where
the scalar varies monotonically (the extension to the post-inflationary, oscillatory epoch is
straightforward by matching together separate monotonic epochs). We have performed such
an analysis in inflation with nonminimal derivative coupling, and we have applied it to two
specific models for the Hubble function, namely the power-law and the exponential cases. For
each model we have calculated various observables such as the tensor-to-scalar ratio, and the
spectral index and its running, and we have compared them with the Planck data.
For the case of power-law form we have shown that the tensor-to-scalar ratio and the
tensor spectral index have a linear dependence on the scalar spectral index, with its proper-
ties depending on the model parameters and the e-folding number, and confrontation with
2013 and 2015 Planck results shows a very good agreement. Additionally, the predictions
for the running spectral index are also in very good agreement with the data. Finally, for
transparency we have provided the corresponding profile of the scalar potential.
For the case of exponential form the tensor-to-scalar ratio and the tensor spectral index
have a linear dependence on the scalar spectral index too, however not depending on the model
parameters or the e-folding number. Nevertheless, the predictions are in good agreement with
observational data. The behavior of the running spectral index is more complicated, but still
in very good agreement with the Planck results.
Finally, comparing our results with the case of minimal coupling, we saw that the non-
minimal derivative coupling can fit the data more efficiently, as well as solve the unitarity
problems of the minimal theory.
The above features reveal that the Hamilton-Jacobi formalism can be very efficient in an-
alyzing inflationary models which do not allow for a conformal transformation to the Einstein
frame. And indeed, its application shows that inflation with nonminimal derivative coupling
is in agreement with observations and thus it can be a good candidate for the description of
Nature.
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